Chapter 8: Waveguides, Resonant Cavities,
and Optical Fibers

8.1 Fields at the Surface of and Within a Good Conductor*

Notations: H, E:fields outside the conductor; H-, E: fields inside
the conductor; n : a unit vector L to conductor surface E:a

normal coordinate into the conductor.

Assume: (i) fields ~ e  Why?
(1) good but not perfect conductor, 1.€.,

[ "ksi]

ne——/o- Eqy L,

HEO

>S
/H E,

o # o0, but —~—>1 [See Ch. 7 of lecture notes, Eq. (24)].

C()Eb
(iif) Hy (£ = 0) is known. Why?

Find: E_.(S), H,.(S), and power loss, etc. in terms of H, (& = 0)

*The main results in Sec. 8.1 [ (8.9), (8.10), (8.12), (8.14), and (8.15)] have
been derived with a much simpler method in Ch. 7 of lecture notes. [See

contents following Eq. (26)]. So, we will not cover this section in classes.



8.1 Fields at the Surface of and Within a Good Conductor (continued)

Calculation of E (&), H.($): In the conductor, we have

(V % E,.= _%BC =iwu H, |good co?ductor assumption (1)
<
VxH,=J+£D,=0E, —iog,E, =oE, (2)
V=_pno In a good conductor, fields vary rapidly along the (3)
=M35¢ | normal to the surface, see Ch. 7 of lecture notes.
(1), 2) (3):»4rE oM e G Conefn) (8
S Kl ‘ﬂc’m m) e Sa (e Hon
\HC ,UC 0g EC Since n-H,. ~Oaarfdn n=l, * (5)
=R, = ﬂwaagz( <1lg) 55 100G
Substituting (4) into (5): (n xH,)+2 (nxH,)~0 (8.7) skin depth
55 i o KK[deph]
=nxH_,(&)~nxH_(0)e 92 b.c.at ¢ =0: H;;(0) =H(0)
& i ﬁ— £ i oz
= H,(§) = Hy(0)e Pe? £H(0)e oe? WK‘&J -x, (6
n-(5)= n-H.(5)=0=H(c)=H.(c) ta . (7)
_¢ s '
Substituting (7) into (6) = H () ~ H (0)e 2e° (8.9)



8.1 Fields at the Surface of and Within a Good Conductor (continued)

Substituting H..(&) = H (0)e gelg into E.($) = ——n X —HC (&)
=S E_ (&)~ “C (l—z)[an”(f O)]e 5el§ (8.10)

By(¢ =0 =Eq (6 =0 ~Ec(§=0)= Ty (1= nxH(£=0)] (8.11)
bc.atc=0 n-(4)=n-Er=0=Eq =E, E, (£=0)=?

Power Loss Per Unit Area:

% = time averaged power into conductor per unit area
a %k
= —JRe[n-E(£=0)xH (£=0)|
= —JRe| n-E (£ =0)xH|(£=0)]
(8.11)

:4%”5‘}1”(5 0) =51 HyE=0)" (8.12)

< 0o ‘Hn(é& 0)



8.1 Fields at the Surface of and Within a Good Conductor (continued)

Alternative method to derive (8.12): i
1-i
(8.10) = J(&) =cE (&)~ L(1-i)[nxH(E=0)]e ¢  (8.13)

| time averaged power | _ ) ,
loss in conductor per |=1Re| J(&)- Ec(f)] = |J()
| unit volume )

4 1(8.13)
dPZOSS o 2 / 2 o 2
do =20 Jo SN = G (E =00 [fe 0 ds
2
= ﬁ‘H”(f =0)| , same as (8.12)

Effective surface current K 4
0 . o -0
Ko = [y 9S50 -n[nxHyE=0)][Te > ds

=nxH(£=0) [613) (8.14)

dP 1
8.12) & (8.14) => —“loss _ K
(8.12) & (8.14)= = © 205\ o

2

(8.15)



i —
L

&:=0 'é%-

(a) (b)
Figure 8.1 Fields near the surface of a perfect conductor.

o

Figure 8.2 Fields near the surface of a good, but not perfect, conductor. For £ > 0, the
dashed curves show the envelope of the damped oscillations of H, (8.9).
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8.2-8.4 Modes in a Waveguide

Consider a hollow conductor of infinite length and uniform cross
section of arbitrary shape (see figure). We assume that the filling
medium 1s uniform, linear, and 1sotropic (B = ¢H; D = ¢E, where ¢
and u are in general complex numbers). This 1s a structure commonly
used to guide EM waves as well as a rare case where exact solutions
are possible (for some simple cross sections.) Maxwell equations can

be written
(VxE=-2B (8)
N —
JVxB=ueg, ‘E (P4 NG )
V.E=0 )complex g and u (10)
V-B=0 (11)

Vx@ﬁ:VXVxE———VxB:>VG7E)VﬂE—— (ue SE)
:VE/M "E=0 (12)

Similarly, Vx(9) =V ’B - ,ug B 0 (13)



8.2-8.4 Modes in Waveguides (continued)

B tikz—iot X,: coordinates transverse to z,
E(x,7) = E(x,)e e.g., (x,y) or (r,0)

Let a0
B(x,7) =B(x,)e™ 7" |k_here <> k in Jackson

where, 1n general, @ and &, are complex constants. To be specific,

we assume that the real parts of w and k_ are both positive. Then,

e P .
"= and e ="' have forward and backward phase velocities,

ik z—iowt —ik z—iwt

respectively. As will be seen 1in (31), e and e also have

forward and backward group velocities, respectively. Hence, we call

ik.z—iowt

—ik.z—iot
ez a forward wave and e “z°7'?

a backward wave.

With the assumed z and ¢ dependences, we have

8 2
—> —Q (A2 2 ]

o2 0 0

t2 . o a2 - o Cartesian
<§2 *; Vt:<1a o). 1 &

Z . .

-2 r£ )+ =%, cylindrical
2 r 81’( ﬁr) 2 50%°

VE=Vi+ 0 =V -k \ r~ 00

. Z



8.2-8.4 Modes in Waveguides (continued)

Thus,
V2E— s ©E =0
- or :>(Vf+ygw2—k§){E(Xf)}:o (8.19)
VB~ e %3 B=0 B(x,)
2 2 2\ E(X)| _
:>(Vt+,uga) kz){BZ(Xt)}_O (14)

It 1s in general not possible to obtain from (8.19). So our strategy
here is to solve (14) for £_(x,) and B, (X, ), and then express the other
components of the fields [E, (x,) and B,(x,)] in terms of £, (x,) and
B_(x,) through Eqgs. (17) and (18).

Exercise: Writing E(x,) = E.e,. + Ege,y + E_e_ and using the
cylindrical coordinate system, derive the equations
for £, and E, from (8.19).

e 0 — 0 o —
(hint: 75e.=ey, 5e9=—¢€,)



Griffiths 9.5 Guided Waves

9.5.1 Wave Guides

Can the electromagnetic waves propagate in a hollow metal pipe?
Yes, wave guide.

Waveguides generally made of good
conductor, so that E=0 and B=0 inside the
material.

The boundary conditions at the inner wall
are:  E’ =0 and B* =0

The generic form of the monochromatic waves:
(F T iz—at) _ (oA DA AN ilkz-or)
E(x,y,Z,t)—Eo(x,y)e “ _(ExX—l_Eyy_l_EzZ)e “

- i B WX R YRR
B(x,y,z,t) =B, (x,y)e'*™™ = (B X+ B §+ B 7)™




Griffiths

General Properties of Wave Guides

In the interior of the wave guide, the waves satisfy Maxwell’s

equations: OB
V- E = 0 VXE‘FE—O Whypf—()and.] —O?
V:-B=0 VXB—%a—E where ¢ = !
c- Ot @
We obtain
. OE OF . OB, OB '
(i) ———~=iwB. (iv)—-— :—gEZ
ox 0y ox Oy c
...O0E OFE 6B '
(11)a L ——~=iwB, —%Ex
oy 0Oz y Oz C
(9E OF. : OB
=iwB, (V1) 5, _ 95, = —@Ey

Oz OX Oz OX C



Griffiths

TE, TM, and TEM Waves

Determining the longitudinal components £_and B,, we could

quickly calculate all the others.
i oF OB,

E = k—+w
. (a)/c)z—kz( Ox 6y)
i OF OB,
b= %% ) -
Y Try to derive these
B — ‘ w2 _ @ %E., relations by yourself.
Y (ol -k ox ¢ oy
B, = 12 2(kaBZ+ a;@EZ)
We obtain (@lc)”—k y X
B 5? 52 0> 2" .
P + o + 2 —k” |E. =0 IfE =0 = TE (transverse electric) waves;
- 2 , = [f B, =0 = TM (transverse magnetic) waves;
Tt +2 kK’ |B.=0 IfE =0and B.=0 = TEM waves.
X Vo oocC

- - 22



General Approach

E=E,+E.e. ( ,
e, §+e aa Cartesian
Let {B=B,+B.e, Vtzg
Nl 10 . .
V=V +ez§ V, tik.e. r 5 t€g .55, cylindrical
4

VxE=-2B =(V,+tike )x(E, +E.e ):ia)(BtJrBZeZ) (15)
VxB=pusSE=(V,tik,e, )x(B,+B.e,)=—iusw(E,+E_e.) (16)

Z

Using the relations: {gi zg: Z'J)ei ) } we obtain from the transverse
components of (15) and (16):
V. xE_e_tik,e, xE, =ioB, (17)
V.xB.e_tik,e xB, =—iucok, (18)

forward

backward

In (15)-(18), the {E)pvggi} sign applies to the {

} wave.

[\
W



8.2-8.4 Modes in Waveguides (continued)

Rewrite (17) and (18)
V.xE_ e_ztik e xE, =iwB, (17)
V.xB_e, tik. e xB, =—iusok, (18)

Since £, and B, have already been solved from (14), (17) and (18)
are algebraic (rather than differential) equations. We now manipulate
(17) and (18) to eliminate B, and thus express E, in terms of £, and B, .

E,
e.x(17)= e, x(V,xE.e_)tik, e ><(e x E )—ia)erBt
VtEerZ+EZVt><eZ
0

Vxypa=Viyxa+yVxa
If v, a are both independent of z, then
V., xya=V,yxa+yV,xa

— iwe,xB, =V E, Fik.E, (19)




8.2-8.4 Modes in Waveguides (continued)

Substituting (19) into (18)
V,xB.e, tik, ;. (V,E. Fik.E,)=—iucok, (20)
V,B,xe,
Multiply (20) by iw: iwV,B, xe, +ik V., E_ + kzzEt = ,uga)zEt
= (ucw’ — I )E, =i(wV,B, xe, £k,V,E,)

= E, = [tk,V,E, ~we, xV,B, | (8.26a)
HED™ — k.
Similarly,
l
B, = 5|2k, VB, + pswe, xV,E, | (8.26b)

,uga)2 —k

z

Thus, once £, and B, have been solved from (14), the solutions
for E, and B, are given by (8.26a) and (8.26b).



8.2-8.4 Modes in Waveguides (continued)

Discussion:
(1) E, B, E_, B_1n (8.26a) and (8.26b) are functions of x, only.

(i1) € and u can be complex. Im(¢) or Im() implies dissipation.

(11) By letting B, = 0, we may obtain a set of solutions for £, E,
and B, from (14), (8.26a), and (8.26b), respectively. It can be
shown that if the boundary condition on £ 1s satisfied, then
boundary conditions on E, and B, are also satisfied. Hence, this
gives a set of valid solutions called the TM (transverse

magnetic) modes. Similarly, by letting £, = 0, we may obtain a

set of valid solutions called the TE (transverse electric) modes.

(iv) E_ 1s the generating function for the TM mode and B, 1s the

generating function for the TE mode. The generating function
is denoted by ¥ 1n Jackson.



8.2-8.4 Modes in Waveguides (continued)

TM Mode of a Waveguide (B, = 0): (see pp. 359-360)

(V +7?)E, =0 with boundary condition E \ =0 (21)
E, = kz V.E, Assume perfectly (21a)
7/ conducting wall.
0, 1
H, = ik erEt:iZ—erEt (21b)

: ~|Z, =k, /ew, wave impedance

J/z = ,Uga)z - k22 of TM modes (21c)
TE Mode of a Waveguide (£, = 0): (see pp. 359-360)

((Vtz + 7/2 )H . = 0 with boundary condition aan (22)
lk Zh = :ua)/kz , Wave 7+ 3 o
H, = 7/2 V. H, z [impedance of TE modes| §_ " ¢ (22a)
_ﬂa) _\ b.c. n'HS:O
Et:+k—erHt:+ZherHt nJ_eZ:>n-HtS=O (22b)
2 _ 22 2 (223) jn'thZS:
7T = pew” —k; 2 H| =0 (22¢)




8.2-8.4 Modes in Waveguides (continued)
Discussion:

(1) Either (21) or (22) constitutes an eigenvalue problem (see
lecture notes, Ch. 3, Appendix A). The eigenvalue y 2 will be
an 1nfinite set of discrete values fixed by the boundary
condition, each representing an eigenmode of the waveguide
(An example will be provided below.)

(i1) (21b) and (22b) show that E, is perpendicular to B, (also true
In a cavity).

(111) (21b) and (22b) show that E, and B, are in phase if w, €, o, k,
are all real (not true 1n a cavity).

(1v) (21c) [or (22¢)] 1s the dispersion relation, which relates @ and

k_for a given mode.

(v) The wave impedance, Z, or Z,, gives the ratio of £, to H,1in the

waveguide.



Field Patterns of Circular Waveguide Modes
@) 4,

Insertion Loss (dB)
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Characterization of Circularly Symmetric TE;; Mode
(a) simulation

0
/“'\_2__
87
x B — 0=gRrN°
Al —ow
N R A PP
6 I N TR N T RN
30 32 34 36 38 40
Freq (GHz)
(b) mcasurcment
0
/"'\_2__1
2t
& 4[] ce=00 - 0=90°
-l .. p=45° ---0=180°
| -..9=60° — 0=180° Th
% I I T I T R
30 32 34 36 38 40

Freq (GHz)

Rev. Sci. Instrum. 80, 034701 (2009).
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8.2-8.4 Modes in Waveguides (continued)

TEM Mode of Coaxial and Parallel-Wire Transmission Lines
(E,=B_=0): (see Jackson p. 341)
( i
E =
t LEw* —kZ2

[+k.V,E. —we, xV,B.] (8.26a)

Rewrite < ,
i

B, =

=55 |tk,V,B, + ucwe, xV,E,|  (8.26b)
UED™ —k

These 2 equations fail for a different class of modes, called the
TEM (transverse electromagnetic) mode, for which £, = B, =0.

However, they give the condition for the existence of this mode:

} (8.27)

(8.27) 1s also the dispersion relation 1n infinite space. This makes
the TEM mode very useful because 1t can propagate at any frequency.

2 _ .2
> =k / Hel | basic equations for the TEM mode.

{Equations in rectangular boxes are

To calulate E, and B,, we need to go back to Maxwell equations.



8.2-8.4 Modes in Waveguides (continued)

Let £, =B, =0 and {Ef } = {ETEM (x, )}eiikzz_iwt,
B, Bren (X;)

then, because B, =0, the z-component of V xE = —%B g1ves

VixEpy =0 = |Eqgy ==V, Dy (X)), V,xA (x,)=0

and, because £, =0, V-E =0 gives )
A, (x;)=-V,D(x,)

2
Vi By =0 = |V Opy(x,)=0|

where @, 1S the generating function for the TEM modes. Because
Etan
boundary condition @ ,, = const. on the conductor. This gives D,

= 0 on the surface of a perfect conductor, @, 1S subject to the

= const. or E,, =0 everywhere, if there 1s only one conductor. So,
TEM modes exist only in 2-conductor configurations, such as coaxial
and parallel-wire transmission lines. Finally, B,g,, 1S given by the

transverse components of VxE = —%B DBy =%




Why single conductor cannot support TEM waves? (I)

Let’s consider the property of 2D Laplace equation.
Suppose @, depends on two variables.

52CDTEM a%pTEM {a partial differential equation (PDE);

+ —
Ox’ T oy’ not an ordinary differential equation (ODE).
Harmonic functions in two dimensions have the same properties

as we noted 1in one dimension:

Dy has no local maxima or
minima. All extrema occur at the
boundaries. (The surface may not
be an equal potential.)

(DTEM A

If @y =const., E =0 & Brg\=0.

27
20



Why single conductor cannot support TEM waves? (II)

David Cheng’s explanation. Chap. 10, p.525.
Field and Wave Electromagnetics

1. The magnetic flux lines always close upon themselves. For a
TEM wave, the magnetic field line would form closed loops
1n a transverse plane. (B,=0)

2. The generalized Ampere’s law requires that the line integral
of the magnetic field around any closed loop in a transverse
plane must equal the sum of the longitudinal conduction and
displace conduction current inside the waveguide.

3. There 1s no longitudinal conduction current inside the
waveguide and no longitudinal displace current (£,=0). v

4. There can be no closed loops of magnetic field lines 1n any

transverse plane.
The TEM wave cannot exist in a single-conductor hollow

waveguide of any shape.



8.2-8.4 Modes in Waveguides (continued)

In summary, the TEM modes are governed by the following set
of equtions:

Vtz(DTEM (x,)=0 (23)
Ergm ==V Orpm (%) (23a)
k
< Brpn =17, €. XEqpy (23b)
k 1
(or Hygy, = ia)—zez X Erpy = +\/;ez X Eppy = Z —e, XEqpy)
2
w* = % (23¢)

where Z (=+/u/ &) 1s the intrinsic impedance of the filling medium
defined in Ch. 7 of lecture notes (the last page of Sec. II).




8.2-8.4 Modes in Waveguides (continued)

Discussion:
(1) For the TEM modes, we solve a 2-D equation Vf(I)TEM (x,)=0
for @, (X,). But this 1s not a 2-D problem because @, 1s not the

Et (X, t)} _ {ETEM (Xt )} eiikzz—ia)t

B, (x,1) Brpu (X;)

. k,
with E,, = -V, 0, (X,) and B¢\, = t—~e, x | DS

full solution. The full solution 1s {

For an actual 2-D electrostatic problem [D(x) = (X, )], we have
VZd(x,) =0, which gives the full solution E,(x,) = -V, D(x,).

(i1) Note the difference between the scalar potentials discussed here
and in Ch. 1 and Ch. 6.

rETEM =—-V, O, (x,) regard O ., as a mathematical tool.

N

E(x) =-VO®(x) regard @ as a physical quantity.
kE(x, t)=—-VD(x,t)— %A(x, t) regard ® and A as mathematical tools.




8.2-8.4 Modes in Waveguides (continued)

Example 1: TE mode of a rectangular waveguide

Rewrite the basic equations for the TE mode:

((Vtz + }/2 )H , = 0 with boundary condition a@nH z| = 0 (22)
H, = i%VtHZ I (22a)
: 4 =
@ _
E =% e xH =%Ze xH | | L (22b)
¥’ = pea’ -k o (22¢)
Rectangular geometry = Cartesian system = Vtz = 522 + 5822
x® Oy

Hence, the wave equation in (22) becomes:

[ ;; T a?jz + e’ —kj}HZ =0 (24)




8.2-8.4 Modes in Waveguides (continued)

Rewrite (24): [ 5(12 + aayz + ,uga) — k2 ] =0 (24)
Assuming gy dependence for /7_, we obtain
pee” k] Kk}~ [H, =0 e ~
In order for #, # 0, we musthave | é_
ue@® —k2 k2 — k2 =0, S

ik, x —ikxx)

which is satisﬁed for £k , ) tk,.Since (e, e

b

(eiky Y gl "), and (e':*, ¢7™*-%) are all linearly independent pairs,
the complete solution for /. 1s

_ _ k - k
HZ =e el |:A1€lk x + Aze lkxx |:Blel ) + Bze l i|

. [C+eikzz +C ek | (25)

38



8.2-8.4 Modes in Waveguides (continued) ik Z

. .. Ht — i—ZVZ‘HZ
Applying boundary conditions [see (22)] to (25): y
HZ — e—la)t |:Alelkxx + Aze—lkxx:||:Blelkyy 4 Bze_lkyy:||:C+€lkZZ + C_e—ikZZ—‘
B, oc 2B, SO0 ik ik Ay =0=> A =4y
xX=
<
B, o gyBZ " 0= ik,B —ik,B, =0= B, = B,
= H, = cosk,xcosk,y [C Lotk ¢ grieimikyz } 7 — a
) y
Byoc LB, =0=sinka=0=k, =mrja, m=0,1,2,...
X=d
<
B, o @asz - =0=>sink,b=0=k,= nrz/b, n=0,1,2,...
= H_ =cos m;zx COS WTT)/ [C +eikZZ_iwt + C_e_ikzz_iwt} (26)

o J/ o J/

forward wave backward wave
Substituting k, ="'%, k,, ="/" into Lew” —k? —k§ —k? =0, we obtain
2 0

,uga)z—kzz—ﬂz(m—erZ—z):O, mn=0,1,2,... (27)
a



Griffiths

9.5.2 TE Waves 1n a Rectangular Wave Guide

E_ =0, and B_(x,y) = X(x)Y(y) < separation of variables

2
i@)f 18Y (a)2 _kY)=0
X Ox Y@y %

2 1 0°Y
ia)z(:—ki and 9 .
X Ox Y oy
0)2
Wlth —2:k2+k5+k§

v

2
=k’

X(x)=Asink x+ Bcosk x
Y(y)=Csink y+Dcosk y

*@Griffiths’ derivation
uses different boundary
condition --- E =0.

40



Griffiths

TE Waves in a Rectangular Wave Guide (lI)

0B.

oy
E(@y=0)=0=C=0 z

E, = ’”f)e <V, H_

E(@y=b)=0=sinkb=0k, = %(n =0,1,2,...)
OB,

Ox
Ey(@x:O):O:A:O

. mi
E (@x=a)=0=smk.a=0,k, :7(71/1 =0,1,2,...)

B_(x,y)=B,cos(mzx/a)cos(nzy/b) < the TE__ mode

k=\(w/v)’ = 7*[(m/a)* +(n/b)*]



8.2- 8 4 Modes in Waveguldes (continued)

Rewrite (27) as yea) — k2 uew,., . =0, @ (28)
where @, = Z_ (M 1mHV2 01,2, (9
A b ~
lug cmn \k
Each pair of (m, n) gives a normal mode (TE mode) of the
waveguide. m and n cannot both be 0, because that will creat a %

situation on (8.26) or (22a), making H, and E, indeterminable.
@, 1s the cutoff frequency (the frequency at which k., = 0) of

the waveduide for the TE ,, mode. Waves with w < @,,,,,, cannot
propagate as a TE,, mode because k, becomes purely imaginary.

(28) 1s the TE,,, mode dispersion relation of a waveguide filled
with a dielectric medium with constant (in general complex) & and g.
For the usual case of an unfilled waveguide, we have ¢ = ¢; and

U=ty (= ue = uysy = C—z), and (28) (29) can be written

for unfilled
waveguide } (30)

2 2 2 . . m? . n*\1/2
@ —ch -, =0with @, =7wc( 7 +b2)



2 .22 2
0" —kict—-w.,.

N

8.2-8.4 Modes in Waveguides (continued)

1
2 2\2
m n
_|_
a’ bz) M

=0, w,,,, = 72'6(

(/’tg = guide wavelength =27/k_

A. = cutoff wavelength = 27¢/ w,

w> ., = k_ =real = propagating waves|

mn

/1 ¢ = free space wavelength = 27e/w

depend | mode & !
on — | geometry ! freq.

O =Wy =k, =0= A, =0

0 < ®,,,, = k, =1maginary = evanescent fields

a

~

Question 1: A typical waveguide has

a=2b. Why?

Ag yes 1 yes
As no i yes

<———-'TE01, TE20 (ﬂ«c = a) |
TElO (ﬂ’c = 261)

usable bandwidth (a < 1, <2a)
>k

y4

Question 2: Can we use a waveguide to transport waves at 60 Hz?



8.2-8.4 Modes in Waveguides (continued)
Other quantities of interest'

2,2 _ 2 @
(1) Differentiating o —k; ¢* .. =0
with respect to k, kﬂ >c
R z
2a)g,§) 2k, c* =0 | Pemn_ k_
2
= v, = g]?) = kzaf | group velocity in unfilled waveguide]
v, <c
— v, >0 as @ — &gy,
(2) The remaining field components (E,, E,, H,, and H,) can
be obtained from /, through _
lk 2 2 2 _ a)czmn
H =+—2V,H, Y= peoT —k; =% (22a)
ZCO  see (22¢) and (30). |
Et zik—eszl‘ (22b)

forward

upper| . :
where the { } sign applies to the {backward

wave.
lower



8.2-8.4 Modes in Waveguides (continued)

| I [ 1
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8.2-8.4 Modes in Waveguides (continued)

TM mode field patterns of rectangular waveguide
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8.2-8.4 Modes in Waveguides (continued)

Discussion: Waveguide and microwaves

A typical waveguide has a = 2b to maximize the usable bandwidth
(a <Ay <2a) over which only the TE;, mode can propagate and hence
mode purity 1s maintained. Waves are normally transported by the TE,,
mode over this frequency range. Waveguides come in different sizes.
Usable bandwidths of waveguides of practical dimensions (0.1 cm < a
<100 cm) cover the entire microwave band (300 MHz to 300 GHz).

Compared with coaxial transmission lines, the waveguide 1s capable
of handling much higher power. Hence, it is commonly used in high-
power microwave systems. In a radar system, for example, it 1s used to
transport microwaves from AQ o TE (4, ~0.9a)

the generator to the antenna. «—TE,,, TE,y (4. = a)
N\

—>Z usable bandwidth (a < 1, <2a)

N

a >k



8.2-8.4 Modes in Waveguides (continued)
Example 2: TEM modes of a coaxial transmission line
TEM modes are governed by the following set of equtions:

(23)

vl?(DTEM (x,)=0
Erem ==V Prpm (X,) 7(7% h‘bﬁ (23a)

1 N
syt \ 7 G

o

N

2

v’ —% Z=\Hl¢ E— (23¢)

“ oD O
(23) glves Qo TEM) ;2 6¢TzEM =0.
Neglect the 2 5 ¢ # 0 modes =5 Qo 6CDTEM) 0= Oy =Ciln(p) +C,.
Apply be{ TrM P =D =N Cl =% /l”(a/b) = Oy, =V, L)

T Dy (P =5) =0 C, =—C,in(b) 0 In(a/b)’
E o\ (X,1) = ln(IgO/a) %eiikzz—ia)tep
(23a, b) then give < o (31)
(x.1) = Vo leizkzz—za)te
Hppy  Zin(bia) p $ .

\



Exutmg a Specific Mode

(a) TE21 =~ °f
8.
E2H: R
- 2 3 e€«——18.3 GHz—"
[— =
—~ rp g"’_——'rh.lpcu — = Th 20pcu
.U"‘ §_5——T]1_10[qu°°°EXp- k'
® = oL | | -
85 90 95 100 105
Frequency (GHz)
PR AW A e cutoff
O O ‘ section
\/ TEQ. or TMS, \J

MZJ@ﬂopm

E) = ZA,J{(En +2€Zn)-e_jﬂ"2
n

Transmission (dB)
S & h b AN A o

- -—’—Tthpcu .+ Exp.
_lllllllllllllllllllll||||I

8 90 95 100 105 110
Frequency (GHz)

0
oot
Ptotal r 2 02 J4 ! 3_1-
01 ﬂ41P01 Eoa (Po1” —07) Jo (Por1) 8
Ptotal r 2 _42 J4 ! 'é-a
41 Bo1P41 €00 (P4 ) J4(Pa1) 2P i
S0 — cu .
:_18dB H_G;||||:I]|1|1|0:)||||||E:‘X|p|||||.:
85 a5 100 105 110

Frequency (GHz)

Appl. Phys. Lett. 93, 111503 (2008)
IEEE Trans. Microwave Theory Tech. 58, 1543 (2010)
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Difficulties of Exciting a Higher-Order Mode:
Take TE(, as an Example

LabVIEW

-6 dB -6 dB
Woband Attenuator Attenuator
signal
—>
Frequency DUT Detector
doubler

Rev. Sci. Instrum. 81, 054701 (2010).

I]Ijlfl]l]l}l{f[l;lmI|I]l}i§I|I[ljliiilkll-ljljlml|lmi‘
| | [ fomec s}

Desired mode TE,

Coupling structure octa-feed

Waveguide radius 1.86 mm

Parasitic modes TE A, TE| 5 TEy o, TEy 5
TE,,
TE;; o, TE; 5 TEjp A TEpyp
TM,,
M0 T, 18 T My 0 TMy 5
TE4a TEy 5 TEjp 0 TEpp
™,
TM; 0, TM3, TEs) o, TEs 5
TE, L. TE» 5 ™My, TM}, 5
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Applications of Waveguide Modes (I)

Plasma chambers Material processing

HamedExpr

1. 6EBEe+BE1
. 1. Y4EEe+EE1
1. 260E8e+081

1. 1288 +881
9. EBEEE +EEE
& . BERE e +EEE

6. 4E0Ee +BEE

4, GEBE e +BEE

3. Z0BE e +BE8

1. 6BBEE +BEE

B, BREEE+E85

Phys. Plasmas 19, 033302 (2012)
Appl. Phys. Lett. 101, 062414 (2012)

Appl. Phys. Lett. 94, 102104 (2009)
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Applications of Waveguide Modes (1)

Mode converters Rotary joints

Rev. Sci. Instrum. 80, 034701 (2009).

THz waveguide, circulator, 1solator, power divider, antenna...
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8.5 Energy Flow and Attenuation in Waveguides

Power in a Lossless Waveguide : Consider a TM mode (E =E,
+E_e_, H=H,) in a medium with real ¢, x4 (hence real o, k.).

Sty = lE xH" = l[E X H* +E e, x Hj] | complex Poynting vector ]

/4

Z‘Et‘ _Et

k

k? 2, 1
~=2|V,E,"+~ZEV,E
7

[e,|V,E.[ +;:12V‘E]1

z

7 [E, x(e xEt)+E €. x(e xEt)] | for TM modes]

€, H| ‘\sz
] )realgand,u s

The complex Poynting theorem:
L[ 9 Ed x4 2i0] (w—w,)dx+§ S-nda=0,  (6.134)
\% 1% S

where S = %E x H* [called the complex Poynting vector] (6.132)

P, = time averaged power 1n the z-direction

1ga)
(21b)
&0
Z 2k,
(21a) a)kg
27"
=[ e
wk_&

2)/4

_[A(VtE: -V, E,)da

[ReSty\lda [A: crossectional area]

(35)




8.5 Energy Flow and Attenuation in Waveguides (continued)
' ; L 2 3 0
Green's first identity: | (#Vy +Vg-Vy)d’x=¢ ¢7 da (1.34)

Let ¢ and w be independent of z and apply (1.34) to a slab of end
surface area 4 (on the x-y plane) and infinistesimal thickness Az 1n z,
surface integrals on}

AZ_[A(¢V v +V.0-V.w)da= Azgsc ¢V dl+{two ends of the

slab, which vanish.

= [ (Vv +V,9-Vy)da=§.¢ L dl A

Let ¢=EZ and y = £ _, then _ﬁ_
% _ * 5 * 9 o> da
jA(VtEZ-VtEZ)da—[cﬁC%%Ezdl—jAEz VtzEZda] g
= ~7°E

, , by boundary condition b§ (14) V dl

= /[ JE.P da (36)
. wk &
Sub. (36) into (35): Py, = , 4V, E -V, E_)da, we obtain
y*
P, = k;€ [ 4E. *da, [where y? = uew* — k2] (37)

2y°



8.5 Energy Flow and Attenuation in Waveguides (continued)

2 _ 2 2 vy |o.(e, ®watk, =0)1s the
VU= pew =k = 0 = Jue [cutoff freq. of the mode. (38)
1 2 1
= k, =(uea’ —y°)? =Jueo(1- %) (39)
),
Substituting (38) and (39) into (37)

2 1
-1 \/E(aa)i)z(l_z))cz)zj JE.Pda  [cf. (8.51)] (40)

Similarly, for the TE mode and real u, ¢, @, and k,, we obtain
from (22), (22a), and (22b),

2 x
S, = “;’;“ e. |V, H.['~-H.V,H,] 41)

Py =] se. -[ReSypIda = wkZ“jA\H ? da

-1 \/E(ac)oc)m_wcz)z [JH. da [cf. (8.51)] (42)

Note: P, and P, are expressed in terms of the generating function.
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8.5 Energy Flow and Attenuation in Waveguides (continued)

Energy in a Lossless Waveguide :

<_[> S-nda +1[ I -Ed’x+2iw[ (w,-w,)d’x=0 (6.134)
lE D* ‘E‘z [if &, u are real, w, and w,, are
e
3 1 ) 1 , | also real and represent time (6.133)
=,B-H = 4u ‘B ‘ | averaged field energy densities.

Apply (6.134) to a section of a lossless /S n=0(Ey, =0)

waveguide [1.e., i, & are real and the wall e Ef2_ ?ﬂ
conductivity o = «]. ) = (E, x H;)

o =0 (inside volume) = J =0 = IVJ* Ed’x =0 on bOth ends
E, =0 on the side wall = S-n =0 on the side wall
u, ¢ (hence w, k) are real = E, and H, are in phase [by (21b)&(22b)]

— E, xH; isreal = S is real on both ends = 455 S -nda 1s real
{Re[(6.134)] = cﬁs S -nda =0 (no net power into or out of volume)

Im[(6.134)] = J‘v Wed3 X = jv w,.d Sx (B-field energy = E-field energy)

n



8.5 Energy Flow and Attenuation in Waveguides (continued)

For the TM mode (7, = 0):
U,y = field energy per unit length

zfA(w +w )da=2jAw da=%

(21b)

|
4 P da P B, P da

QR 5p da E P da (9 da 63

12 12y 2y

(21a) Y J.A‘Ez‘ da

by (36)

12

2 2
y© = Hew;

Similarly, for the TE mode (£, = 0):
Urg =2] Woda=5[ B, da=5(2)[|H. ] da

From (40), (42), (43) and (44) Use (22a,b) and
1 Green’s st identity
Py :P (1_ _ k. =,
Umnm  Ure VH T 60 }
v, = w/k, (39) kz (21.c)

= Vv,v, =1/ ue

(44)

(8.53)

(8.54)
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8.5 Energy Flow and Attenuation in Waveguides (continued)

Attenuation in Waveguides Due to Ohmic Loss on the Wall:
We express k, for a lossless (o =) and lossy (o # o) waveguide

s O =0
as k=4 ° (8.55)

k§0)+a+i,8, O # 0

where k§°> 1s the solution of the dispersion relation for o =, 1.e.,
pew” —k? — pew’ =0 [derived in (28)] (45)
The expression for o # oo 1n (8.55) assumes that the wall loss

modifies kéo) by a small real part & and a small imaginary part £,
where o and £ are to be dertermined.

Physical reason for a : Effective waveguide radius increases by
by an amount ~ skin depth 0. A larger waveguide has
a smaller @,.. Hence, a > 0.

Physical reason for p: Power dissipation on the wall.



8.5 Energy Flow and Attenuation in Waveguides (continued)

Ink, = k§0> +a+if, a is not of primary interest because 1t modifies
the guide wavelength slightly. However, £ results in attentuation, which

can be very significant over a long distance. We outline below how £
can be evaluated.

P =power flow (oc Re[E, xH} Joc e*=7 . ¢ k7 = g2Kai — e_zﬂz)

20z
= Iye g [power dissipation/unit length (8.56)
= f= —#CZJ—P = field attenuation constant (8.57)

2 dPloss_ 1
(8.15) = dP df ﬁcﬁc\Keﬁ dl [y~ os Netr * (815) (46)

(8.14)=K,; =nxH E) ! (47)
dl
(46)(47) = 4P = —ﬁgﬁc\n <H|” di (8.58)

Since the wall loss can be regarded as a small perturbation, we may

use the zero-order H derived for o = o 1n Sec.8.1 to calculate ‘éP




8.5 Energy Flow and Attenuation in Waveguides (continued)

Specifically, we calculate the zero-order E and H, and use the
zero-order E and H to calculate P from (8.51) and dP/dz from (8.58).
[ 1s then found from (8.57).

Formulae for f for rectangular and cylindrical waveguides are
tabulated 1n many microwave textbooks, e.g., R. E. Collin,
“Foundation of Microwave Engineering” (2" Ed.) p. 189 & p.197
(where the attenuation constant 1s denoted by « instead of f).

Note:
(1) £ has been calculated by a perturbation method.
The method 1s invalid near the cutoff frequency, }
at which there 1s a large “perturbation”. Sec 8.6
gives a method which calculates both « and
(due to wall loss) valid for all frequencies.

(11) Other types of losses (e.g., lossy filling medium Q}C
or complex &) can also contribute to & and S.

e

>



8.5 Energy Flow and Attenuation in Waveguides (continued)

(111) Note there are two definitions of the attenuation constant.

In Ch. 8 of Jackson, the attentuation constant for the waveguide
is denoted by £ and it is defined as

__1dP
ﬂ__ﬁga (857)

This 1s the field attentuation constant, i.e.,

E,Boe??.
In Ch. 7 of Jackson, the attentuation constant for a uniform medium
1s denoted by « [see (7.53)] and 1t 1s defined as

__1dP
a = P dz

This is the power attentuation constant, i.e.,
P oC e—OCZ
Obviously, the power attentuation constant 1s twice the value of the
field attentuation constant.



Terahertz Waveguide (l)

Scanning optical
delay lin

frosviseen Femtosecond laser \,
Fibre :.-nnu..i
coupler

s
THz transmitter
|
Input coupler ?l—'i Fibre
p / | O coupler
. ]
Wa{reguide THz receiver
J I—
Movable stage Movable stage

K. Wang and D. M. Mittleman, “Metal wires for terahertz wave guiding”,
Nature, vol.432, No. 18, p.376, 2004.
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Terahertz Waveguide (l1):
Using The Lowest Lossy TEo1 Mode

1 =
i TEos
0.1 prt TEo4
CR.
= 001k TE
aa = e References
o 01
~  0.001 1. Pozar, p.161.
S 00001 2. Collin, p.197.
1E_005IIII|IIII|IIII|IIII|IIII

0 100 200 300 400 500
Freq(GHz)

Q: How to excite the TEO]1 mode and fabricate it at the terahertz region?
A possible solution: X-ray micro-fabrication (LIGA).

H.Y. Yao, J. Y. Jiang, Y. S. Cheng, Z. Y. Chen, T. H. Her, and T. H. Chang*, “Modal
analysis and efficient coupling of TE01 mode in small-core THz Bragg fibers”,
Optics Express, 23(21), 27266 (2015).
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8.7 Modes in Cavities

We consider the example of a rectangular cavity (i.e., a rectangular
waveguide with two ends closed by conductors), for which we have
two additional boundary conditions at the ends.

. 72' * 7 o e
Rewrite (27) HZ = COS max COS%[C;QZICZZ 1wt + C_e lkZZ za)t:|
Y cross -sectional

b.c.(1):H,(z=0)=0 = C,.=-C_ b/r view
= H_=H_oe ' cos =2 cosmTysin k.z 0 aJ X

b.c. (i): H.(z=d) =0 Jf sideview
=sink,d=0 = k, =% 1=12,... P -z (32)
= H_=H_ye ' cos mZx cos mgy sin 17;,2 : {7:”;,:290’1’2’} (33)

2 2 1
Substituting (32) into w —k202 — a)gmn 0, where @, = wc(?4 +Z_2)2
a

®,,.; - resonant frequency (34)
of the TE, ; mode

:>a):a)mnl:7zc(m +b +12)1/2 {



8.7 Modes in Cavities (continued)

C,=—C_

MTX ni SN il oo
From (26): H_ =cos cosTy[CJre’kZZ o O e lwt],
a

we see that a cavity mode 1s formed of a forward wave and a backward

wave of equal amplitude. The forward wave 1s reflected at the right end
to become a backward wave, and turns into a forward wave again at the
the left end. The forward and backward waves superpose into a standing

wave [see (33)]. Thus, we may obtain A7 de vi

the other components of the cavity field SIee VIEW

by superposing the other components of g%ﬁiigrg?;aeve o

the two traveling waves, as 1n (26). 0 > %

Comparison with vibrational modes of a string:

dependent variable(s) | independent variables | mode index

string | x (oscillation amp.) z, t [
E., E,, By, B,,
E_(orB,)

cavity X, ¥y, z, t m, n, [




8.8 Cavity Power Loss and Q

Definition of O : We have so far assumed a real @ for EM waves
in infinite space or a waveguide. Since fields are stored in a cavity, it
damps in time 1f there are losses, represented by a complex @. Thus,
fields at any point in the cavity have the time dependence given by

- .
Eoe—la)ot , O = o0

E(t) = (8.88)

—i(ay +Aa))t—§)ot
| Eye , O # O

where @), 1s the resonant frequency [e.g. (34)] without the wall loss.

(8.88) assumes that the wall loss modifies @, by a small real
Dy

20° where Aw and Q are to be

part Aw and a small imaginary part
dertermined.
Physical reason for Aw : Effective cavity size increases by an
amount ~ skin depth 6. A larger cavity has a lower
frequency. Hence, Aw < 0.
Physical reason for O : power dissipation on the wall



8.8 Cavity Power Loss and Q (continued)

U = stored energy in the cavity | oc \E\z oc g 10T = 2O — o 0]

_ ot
= U()e ¢ —i(a)0+Aa))t—@t /
E(f) = E,e 20
@y (8.87)

:wi:—@

(time-domain definition of Q) (8.86)

(0)
= dd—(t] = —EOU (power loss)

stored ener
— Q — (00 gy

power loss

(8.88) represents a damped oscillation which does not have a
single frequency. To exame the frequency of E(¢), we write

E(t)= # EOOO E(w)e " dw,
T
Use (8.88), assume E(¢) =0 for 1 <0

where

0 ' 0 ~ t+i(w-wy—A
E(a)) _ ﬁj’_oo E(t)ela)tdt :l\/é_ﬂ-EOJ‘O e ZQf+l(0) wy O))l‘dt
NGY

—i(®w—w, —Aa))+§g }



8.8 Cavity Power Loss and Q (continued)
The frequency spectrum 1s best seen from the field energy
distribution in frequency-domain

‘ ‘2 1 {maxa = ), + Aw

R 2 71 _ o, (8.90)
_ | full width at o

= 0w = {half-maximum points} Y

= Q0= g)—g) (frequency-domain definition of Q)

Note: @), 1s the resonant frequency
of the cavity in the absence of
any loss. @, + Aw 1s the resonant
frequency 1n the presence of
losses. In most cases, the

¢
difference 1s insignificant. wo + Aw / N o W —



8.8 Cavity Power Loss and Q (continued)

Physical Interpretation of O :
stored energy

(1) Use the time-domain definition: Q = o,

27
7, Wave perio

power loss

stored energy _ . decay time of

power loss stored energy

stored energy vz Td (48)
power loss 7,

= 0=,

(48) shows that O, which results from the power loss, is
approximately 27 times the number of oscillations during the
decay time. A larger O value implies that the field energy can be
stored in the cavity for a longer time. Hence, O is often referred
to as the quality factor.




8.8 Cavity Power Loss and Q (continued)

(i1) Use the frequency-domain definition: Q = g)—ao) (see Fig. 8.8)

For a lossy cavity, a resonant mode can be excited not just at
one frequency (as is the case with a lossless cavity) but at a range
of frequencies (ow). The resonant frequency (w,TAw, see Fig. 8.8)
of a lossy cavity 1s the frequency at which the cavity can be excited
with the largest inside-field amplitude, given the same source
power. The resonant width 6w of a mode
is equal to the resonant frequency divided
by the O value of that mode (see Fig. 8.8).
Note that each mode has a different O value.

Figure 8.8 can be easily generated

|
|
i
|
I
I
|
I
in experiment to measure the |
1

value. ¥ E
Q wo + Aw /‘ \ wo “



8.8 Cavity Power Loss and Q (continued)

stored energy

0 = o,

power loss

Using the results of Sec. 8.1, we can calculate O (but not Aw)

due to the Ohmic loss. We first calculate the zero order E and H of

a specific cavity assuming o = oo, then use the zero order E and H

to calculate U and power loss,

stored energy = | (w, + w, )d x =

(8.15)

da

power loss 4 Lcﬁs ‘K off

<j5 ‘an‘ da
/ 205

(8.14)

( 2
.Vwed?’x zgjv\E\ d’x
( 2
.Vwmd3x=§fv\H‘ d’x

1
(6.133)




8.8 Cavity Power Loss and Q (continued)

Formulae for O (due to ohmic loss) for rectangular and
cylindrical cavities can be found in, for example, R. E. Collin,
"Foundation of Microwave Engineering", p. 503 and p. 506.

O due to other types of losses : If there are several types of
power losses 1n a cavity (e.g., due to Ime and coupling losses), O
can be expressed as follows:

stored energy

0 = w, (49)
> (power loss),,
n =~ n-th type of power loss
S (50)
Q n Qn
where O, (Q due to the n-th type of power loss) 1s given by

stored energy

0, =

’ (power loss),



8.8 Cavity Power Loss and Q (continued)

A Comparison between Waveguides and Cavities

Waveguide Cavity
Function transport EM energy store EM energy
Characteri- dispersion relation and resonant frequency
zation attenuation constant and Q
Examples of transport of high (1) particle acceleration
applications power microwaves  (2) frequency measurement
(mostly for (such as multi-kW (3) material processing
microwaves, waves for long-range

0.3-300 GHz)  radars and communi-
cations)



High-Q Microwave/Material Applicator

stored energy

\»
]

Wy
> (power loss),
n

Conductor loss, dielectric loss, radiation loss, diffraction loss...
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Homework of Chap. 8 Problems: 2, 3, 4

Problem 8.2

A transmission line consisting of two concentric circular cylinders of metal with conductivity o and skin depth &,

as shown, is filled with a uniform lossless dielectric ( y,g). A TEM mode is propagated along this line. Section 8.1 applies.
(a) Show that the time averaged power flow along the line is

P= \/szz ‘HO‘Z ln(éj
g a

where H, is the peak value of the azimuthal magnetic field at the surface of the inner conductor.
(b) Show that the transmitted power is attenuated along the line as

P(z)=PRe 7"

11
1,1
1 u(a b]

}/:20'5 £ (a)
In| —
b

(c) The characteristic impedance Z, of the line is defined as the ratio of the voltage between the cylinders to the axial
current flowing in one of them at any position Z. Show that for this line

ZO:L ﬁ In [EJ
27 \¢ a

(d) Show that the series resistance and inductance per unit length of the line are

R:L l+l
2rco\a b

[t

2r \a 4z \a b

where 1, is the permeability of the conductor. The correction to the inductance comes from the penetration of the flux into the
conductors by a distance of order J.

Problem 8.3

(a) A transmission lineconsists of two identical thin strips of metal, shown in cross section in thesketch. Assuming

that b >> a,discuss the propagation of @ TEM mode on this line, repeating the derivationsof Problem 8.2. Show that

ab f/z 2
P=—|=|H
2 g‘ 0‘
1 £

where

" aoh

o[ HatHS
b

where the symbols on the lefthave the same meanings as in Problem 8.2.

(b) The lower half of thefigure shows the cross section of a microstrip line with a strip of width » mounted on a dielectric
substrate ofthickness /# and dielectric constant &, all on a ground plane.
What differences occur here compared to partaif b >> h? If b << h?

e—b—>

Problem 8.2

Problem 8.4

Transverse electric and magnetic waves arepropagated along a hollow,
right circular cylinder with inner radius R and conductivity o.

(a)Find the cutoff frequencies of the various TE and TM modes.
Determine numerically the lowest cutoff frequency (the dominant mode)
in terms of the tube radius and the ratio of cutoff frequencies of the next
four higher modes to that of the dominant mode. For this pat assume that
the conductivity of the cylinder is infinite.

(b)Calculate the attenuation constants of the waveguide as a function of
frequency for the lowest two distinct modes and plot them as a function
of frequency.

- ; |

— e e

Problem 8.3
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Homework of Chap. 8 Problems: 5, 6, 18

Problem 8.5

A waveguide is constructed so that the cross section of the guide forms a right triangle with sides of length a, a, v/2a,
as shown. The medium inside has u,.=¢,=1.
(a) Assuming infinite conductivity for the walls, determine the possible modes of propagation and their cutoff frequencies.

(b) For the lowest modes ofeach type calculate the attenuation constant, assuming that the walls havelarge, but finite,
conductivity. Compare the result with that for a squareguide of side a made from the same material.

Problem 8.5

Problem 8.6
A resonant cavity of copper consists of a hollow, right circular cylinder of inner radius R and length L, with flat end faces.

(a) Determine the resonant frequencies of the cavity for all types of waves. With (1/ \/ER) as a unit of frequency,
plot the lowest four resonant frequencies of each type as a function of R/L of 0 < R/L < 2.

Does the same mode have the lowest frequency for all R/L?

(b) If R=2cm, L =3 cm, and the cavity is made of pure copper, what is the numerical value of Q for the lowest
resonant mode?

Problem 8.18
(a) From the use of Green 'stheorem in two dimensions show that the TM and TE modes in a waveguide defined by the
boundary — value problems (8.34) and (8.36) are orthogonal in the sense that

| (E-2E. yda=0 for 2 # u
for TM modes, and a correspondingrelation for , for TE modes.?

(b) Prove that the relations (8. 13 1) - (8. 134) form a consistent set of normalization conditions for thefields, including the
circumstances when A is a TM mode and x is a TE mode.
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Optional

Problem 8.19
The figure shows a cross — sectional view of an infinitely long rectangular waveguide with the center conductor of a
coaxial the line extending vertically a distance /4 into its interior at z = 0. The current along the probe oscillates sinusoidally
in time with frequency w, and its variation in space can be approximated as / ( y) = [psin Ka)j( h— y)} The thickness of
c
the probe can be neglected. The frequency is such that only the TE;;, mode can propagate in the guide.
(a) Calculate the amplitudes for excitation of both TE and TM modes for all (m, n) and show how the amplitudes depend
on m and n for m,n >>1 for a fixed frequency w.
(b) For the propagating mode show that the power radiated in the positive z direction is

272

1
P:,uc 0 gin? L2 sin® —wh
wkab a 2c

with an equal amount in the opposite direction. Here & is the wave number for the TE;; mode.

(o) Discuss the modifications that occur if the guide, instead of running off to infinity in both directions, is terminated
with a perfectly conducting surface at z = L. What values of L will maximize the power flow for a fixed current /;?

What is the radiation resistance of the probe (defined as the ratio of power flow to one-half the square of the current at the
base of the probe) at maximum?

Problem 8.20
An infinitely long rectangular waveguide has a coaxial line terminating in the short side of the guide with the thin central
conductor forming a semicircular loop of radius R whose center is a height / above the floor of the guide, as shown in the
accompanying cross-sectional view. The half-loop is in the plane z = 0 and its radius R is sufficiently small that the current
can be taken as having a constant value /, everywhere on the loop.
(a) Prove that to the extent that the current is constant around the half-loop, the TM modes are not excited.
Give a physical explanation of this lack of excitation.
(b) Determine the amplitudefor the lowest 7E mode in the guide and show that its value is independent ofthe height 4.
(c) Show that the powerradiated in either direction in the lowest TE mode is

P= ﬁ 74 (”R HT

16 b\ a

where Z is the wave impedanceof the TE;, mode. Here assume R << a,b.

Homework of Chap. 8 Problems: 19, 20
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Ansys HFSS

Problem 8.19

Problem 8.20
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